Automatic Differentiation in Matlab
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Quick Start.

Suppose you are usifginunc to minimize a functiofun of several variables, but
the function does not compute derivatives. You w@aallfminunc like this:

x = fminunc( f un,x0,options,pl,p2,...)

where theoptions  structure tellsminunc that you are not computing derivatives,
and generally wait a long time. Howevefinunc works faster if it has derivatives
for the function. Thanks to a technique called matc differentiation, it may be
sufficient to change the call to this:

x = fminunc(‘autodiff',x0,options, fun,pl,p2,..)

in order to provideminunc with derivatives of your function. Theutodiff ~ function
takesx0 as the first argument, the original function as its second argument, then
the additional arguments tan , and computes the value and derivativeuof.



The Automatic Derivative Object.

The automatic derivative objediff) is an object which contains a column vector
and a jacobian of that vector with respect to stee variables. Ardiff object is
created with a call tadiff

a = adiff(x)

wherex is the point ind" at which you want to evaluate a function and é@g\atives.
The vector of free variablesused to initialize the adiff object will be calléueroot
vector. This is always taken to be a column ve@nd will be transposed if necessary
to ensure this. One then usesaléf object in calculations (where it behaves much
like a column vector) and retrieves the functiotueaand derivatives at the end of the
calculation.

For example, the Rosenbrock function of two vagahdan be evaluated at (1,2) (and
the derivative automatically calculated) as follows

x = adiff([1 2]);
rosen = 100*(x(1)"2-x(2))"2+(x(1)-1)"2;

rosen is anadiff object because it is the result of calculation®iving theadiff
objectx, and it contains the value of the rosenbrock foncat (1,2) and the
derivative at that point. To retrieve the value dedvative ofrosen , we can use the
functionadiffget , as follows:

rosen_value = adiffget(rosen,’value’);
rosen_deriv = adiffget(rosen,’derivative’);

or, more succinctly,

[rosen_value,rosen_deriv] = adiffget(rosen);

We end up withrosen_value = 100 androsen_deriv =[ -400 200 ]. The

rosen_deriv IS a row vector giving frosen_value /0x(1) , Orosen_value /0x(2) ]
atx =[1,2]

Note that it only makes sense to do calculatiorik adiff objects that share the same
root. Any violation of this will raise an error. Fexample

x1 = adiff([1 2]);
x2 = adiff([3 4]);
y = X1+x2;

will raise the erroradiff objects must come from the same root” when the
adiff objectsx1 andx2 are added, because the fadiff object is a function of two
variables with values 1 and 2 (the rookofis [1,2]), while the seconadiff object is
a function of two variables, but with different uak 3 and 4 (i.e. the rootxaf is
[3,4]). Generally it is best to define thdiff object once, with as many variables as
are needed, and then extract parts of it usingcsipbisig.



How Automatic Differentiation Works.

Automatic differentiation uses the chain rule tongpate derivatives (the so-called
forward mode of automatic differentiation). Suppose weehiavo column vectors
andb, which are functions of a vecteoy and jacobiansa andJb, where

Ja(i,j) = da(iy/ 0x() ,and

Jb(ij) = ob(i)  Ax()
Then the produci*b (where defined) has, by the chain rule, the jaamobi

J = diag(a)*Jb+diag(b)*Ja

Similarly, the functiorcos(a) has jacobian
J = diag(-sin(a))*Ja

Theadiff object merely encapsulates the chain rule foretlaesl many other cases in
a Matlab object.

Subscripting the ADIFF Object.

We have already met some subscripting when conmpthtie Rosenbrock function
above. In general, you can subscripadiff object in any way that you can subscript
a column vector, so long as the result is a colusutor. For example:

y = adiff(1:10);
y(3:4) =y(3:4).72;
y(1:6) = 4*y(1:6)+y(5:10)+y(9)/y(10);

y(5:10) = [I;
The end result is thatis a four-element vector with valugs 33 62 91 and
jacobian
4 0 0 0 1 0 0 O 01 -09
0 4 0 0 0 1 0 O 01 -09
0 024 0 0 0 1 O 01 -09
0 0 0 32 0 0 0 1 01 -0.9

(which can be retrieved with a calldogifiget ). The elements of the jacobian are
dy(i) /droot() , whereroot() is the j-th free variable defined whegnas
initialized (i.e. the vector:10 )

Sparse ADIFF Objects.

There are cases where the number of variablesydamge and the jacobian has
many zeros. In this case, a spaddf object may be more efficient. A spaesbff
object can be created by adding the stipgse’ to a call toadiff , e.qg.

y = adiff(1:300,’sparse’);

A sparseadiff object stores the jacobian as a sparse matrix.cdawswitch between
sparse and fukdiff objects by using the overloaded functiepsse andfull , and
test for sparseness using the overloaded funciiparse , e.g.



% y is an adiff object
if issparse(y)

y = full(y);
else

y = sparse(y)
end

A sparseadiff object may occasionally become full as a resulaflab operations.

Matlab Operators.

ADIFF objects are designed to act like column vectorsash as possible. Most
operations that are valid for column vectors widinw with adiff objects. The
operators-, -, .* ,./ ,*,/,and\ have all been defined to work widdiff objects
and/or doubles. Both power operatorsand~ are available, but is simply mapped
ton.

It is possible to take the transpose okdiff object. However, this is of limited
usefulness, and may cause problems. It is prowitkEdly so that one can compute
guadratic or bilinear forms witadiff objects, e.gc*A*x  will work if x is anadiff
object andh a square matrix. Otherwise it is best avoided.

Finally, adiff objects may be vertically concatenated, and miid doubles while
doing this. That is, ik is anadiff object, one may compute x; x.#2;(1:3)] ,
and this is anothediff object. Any constant numbers in the vertical coercation
will create zero rows in the resultant jacobianri#antal concatenation is not
supported.

Matlab Functions and ADIFF Objects.

It is possible to apply a large number of Matlabdtions toadiff objects. Ifx is an
adiff object, the following function calls have all besdfined to work withadiff
objects:

abs(x), cos(x), sin(x), tan(x), acos(x), asin(x), atan(x),
exp(x), log(x), log10(x), cosh(x), sinh(x), tanh(x ), sqrt(x)
length(x), size(x), sum(x), max(x), max(x,y), min( X), min(x,y)

The following functions are also available as on&s foradiff objects:

diff(x) : this computes(2:end)-x(1:end-1)
diff(x,n) : the n-th difference

double(x) . is the same asiliffget(x, value’)
norm(x) . is the same asgrt(sum(x.*2) )

In addition, a number of functions implemented aBles (such asean, std , var )
will work with adiff objects as arguments.

Complex Numbers.

The “root” of anadiff object must be a real vector, but you can constaimplex
functions from it. For example,



x = adiff([1 2]);
y = x(1)+i*x(2);

creates a complex function)(of a real valued vector. The following Matlab
functions for complex numbers will also work witbroplex valueddiff objects:

real, imag, isreal, conj, abs, fft, ifft

Note thatft andift are overrides foadiff objects, and are much slower than the
built-in fft function. They also assume that thejput is a column vector with a length
that is an exact power of 2. If not, the vectordse® be padded with zeros.

Quick Start Revisited.
Autodiff is a function defined as:

function [x,dx] = autodiff(x,func,varargin)

if nargout==1
x = feval(func,x,varargin{:});

else
[x,dx] = adiffget(feval(func,adiff(x),varargin{ )5
dx = dx’;

end

It checks to see if there is only one output resgliiin which case fminunc is asking
for the function value only) and if so, it retutthe function value. If two output
arguments are required, it calls the function lagses it aadiff object. The return
value is aradiff object. The function value and derivative are tretrieved from it
and returned as separate variables.

There is alsautodiff_sparse , Which is like autodiff but creates a spaasiff
object.

Some Examples.
These examples show thdiff object in use.

1. How a Gaussian depends on its parameters.

We can use the following code to compute the deveaf a gaussian with respect to
its space-constant sigma. The following code

sigma = adiff(1);

X = (-5:0.05:5)";

gauss = exp(-x.*2/2/sigma.”2)/sqrt(2*pi)/sigma;
[y,ydsigma] = adiffget(gauss);

plot(x,ydsigma)

yields this plot, showing the derivative of a gaasgunction with respect to sigma at
each point x: (note that needs to be a column vector, so that the resudthfit
objectgauss is also a column vector. Afwere a row vector, an error would be
raised).
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2. The Ackley Function.
This function (defined in D. H. Ackley. "A conneatiist machine for genetic
hillclimbing". Boston: Kluwer Academic Published®87) is interesting because it

has multiple minima.

x = adiff([1 2 3]);
a=20;b=0.2; c=2%i

s1=0;s2=0; % s1 and s2 are double here

n = length(x);

for i=1:n;
sl = s1+x(i)"2; % s1, s2 are converted to adiff objects
s2 = s2+cos(c*x(i)); % in the loop

end

% y is an adiff object
y = -a*exp(-b*sqrt(1/n*sl))-exp(1l/n*s2)+a+exp(l);
[y.dydx] = adiffget(y);

This yields the valug = 7.0165 anddydx = [0.4007 0.8014 1.2020] at
x=[123]

The Speed of Automatic Differentiation.

Theadiff class is likely to be faster than approximateaggives computed using
finite differences, and more accurate. Howevemm@atic differentiation using the
adiff class can be a lot slower than hand-coded derestso if hand-coding is easy,

theadiff class should be avoided.

Even so, the speed advantage to hand-coding hesweighed against the ease of
usingadiff objects to compute derivatives automaticaltyiff objects can always be
usefully used to check the correctness of handddddvatives.

Installation.
Copy theautodiff ~ directory to the desired location and add it dreddubdirectory
autodiff/@adiff to the Matlab search path. Note that this classlteen developed

using Matlab R11. More modern features such agitumbandles are not used, and
any recent syntax or operator changes may leaalltods in the code. Please contact

me if this occurs.



Contact.

For queries and bug reports, please e-maliiam.mcilhagga@googlemail.com
clearly stating where and how the problem occuaredithe Matlab version. A script
generating the problem would be useful too.




